A model order reduction (MOR) technique for linear dynamic systems is extended to allow the integration of nonlinear components. The main purpose is to build numerical model of complex systems as support of the design process leading to the exploitation of meta-structures. The selected method is applied to a soil-structure interaction case study.
Introduction
The word meta-structure is used with different meanings in different branches of the knowledge (see reference [1] for a broad socio-epistemological context). When the focus is restricted to vibration analysis and mitigation, as in this paper, one meets the interest in designing tailored materials that control wave propagation on multiple length scale. One speaks of meta-materials with properties of vibration absorbing and wave guiding with embedded nonlinearities. When moving from materials to structures, one jumps from the concept of meta-materials to that of metastructures [2] [3] . Next step is toward the application, similar to that investigated in this paper, which was poposed in [4] , where there is an array of resonating structures (herein termed a ''metastructure'') buried around sensitive buildings to control the propagation of seismic waves.
Buried barriers in vibration mitigation were introduced time ago mainly to solve traffic induced vibration problems [5] [6] [7] . A synthesis was disseminated at the closure conference of the EU FP7 research project RIVAS [8] . Extensions to the protection from seismic [9] , machine foundation [10] or blast [11] generated waves are easily found in the literature. The technology insight, in this barrier technology, spans from passive [12] to active [13] solutions.
Moving from the identification of the concept of meta-structure as used in this paper, the next step is how to design such a technological solution to problems of vibration mitigation. The numerical model has to simulate the soil-structure interaction [14] and such applications often result in a quite large system of dynamic equations. Moreover the barriers are better designed to behave in a nonlinear way, making the whole problem nonlinear. Thus standard model order reduction (MOR) schemes [15] could not be adopted, since they only hold for linear problems. Those proposed for nonlinear systems are generally much more sophisticated [16] [17] .
An extension of standard MOR to include cases with localized nonlinearities was recently introduced [18] . It comes with an application to the problem of mitigating the vibration induced by the impact of a free-falling helicopter. Such a problem is approached in this paper with focus on the design of buried barriers as meta-structures.
MOR governing relations
With reference to a dynamic transient analysis problem, the governing partial differential equation system is reduced to a set of ordinary derivative differential equations by finite element discretization. Introducing the so-called state space representation, only linear derivatives of time are considered, with the number of equations being doubled. One writes 
An often-met situation sees the vector y ordered to give N (relative to the base) displacements followed by N (relative) velocities, so that, if z coincides with y, C becomes an identity matrix of size 2N. Matrix D is often assumed to be 0.
Model reduction procedures seek solutions in the subspace generated by a transformation matrix T [15] . Among different alternative schemes, one adopts here the approach that re-writes Eq. (1) in a different basis system and applies to the obtained balanced system a truncation using Hankel singular values. The basis transformation also applies to Eq. (2) and after truncation just a bit of information is lost.
Equations (1) and (2) can be re-written adding the suffix "R" (for reduced) to all the quantities except the observed variables [15] when the reduced order model is pursued by balanced truncation
The number of state variables is now n, with n significantly lower than 2N. As discussed in [18] , the whole procedure, and hence the suitable value of n, is significantly affected by the size and nature of the matrix C, as well as by the need of adding local accelerations in the problem formulation.
Assume now that the structural problem contains localized material nonlinearities. Eqs. (1) and (2) become:
q(t) =f (u(t), y NL (t)).
where the nonlinearities are accounted for by the vector q, related to the current state and the displacements y NL in the nodes surrounding the nonlinearity domains. They are simply related to the state variables via the matrix C NL . Eqs. (5) and (6) are linear and hence standard model order reduction applies:
q(t) = f(u(t), y NL (t)).
In a similar way, assume that the meta-structure includes independent tuned mass dampers (TMD) as those proposed in [3] or [4] . Eqs. (1) and (2) become:
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where the TMD actions are accounted for by the kinematic vector e (t), gathering absolute displacements and velocities, and the force vector q, related to the current state and the displacements y EB in the anchorage nodes. They are simply related to the state variables via a subset of the matrix C B .In Eq. (14), c E and k E denote diagonal matrices damping and stiffness, respectively. Together with the mass matrix m E , they also appear in matrix A E . If necessary, the stiffness could be depending on the values of e, making the whole system nonlinear. Eqs. (11), (12) and (13) are linear in any case and hence standard model order reduction still applies:
ė(t) = A E (e (t)-y EB (t))
q(t) =[k E c E ]( e(t) )-y EB (t)).(17)
Meta-structure and helicopter-impact vibration
The study reported in this paper refers to heliports, i.e., civil infrastructures of the type shown in Figure 1 . Sometimes they are also referred to as helipads. The reader is addressed to references [19] [20] [21] for details on the design process for such civil infrastructures.
The case study is fully described in reference [18] to which the reader is referred to. The full model is built within the Marc-Mentat software environment [22] , while the subsequent model order reduction exploits the Matlab [23] tools. In this short note there is just room for discussing some of its features with reference to Figures 2 and 3 .
The geometry of Figure 2 is modified by subdividing the internal large elements in two elements and inserting buried walls along axis y for a length twice the plate diameter (Figure 3) . 
Some response time histories
The positive effect of building buried walls in term of mitigation of the propagating acceleration was already discussed in [18] . In this paper, one just reports the attempt to install four tuned mass dampers (TMD) at the two surface ends of each of these buried walls. It must be noticed that, differently from the application in [3] , the frequencies of interest within this paper are in the range from 0 to 10 Hz, and this at the moment obliges to introduce huge masses to see significant effects. But, the purpose of this study is to show the feasibility of the approach, rather than to provide a technical solutions. The search of the latter one, however, is largely facilitate by the adoption of the reduced order model as suggested in the previous section.
The set of equations from (15) to (18) allows one to estimate the response time histories working on the same reduced order model developed for the linear system and, hence, the computational effort is drastically decreased when compared with that required by the transient dynamic analysis 7th Forum on New Materials -Part E of the initial full model. This reduced computational effort is consistent with a trial and error design procedure toward the implementation of a "meta-structure" concept. Figure 4 shows the response reduction achieved, by the four linear TMDs, in the point marked by a cross in Figure 2 . The dashed lines denote the response in the presence of the buried walls without the added TMDs. The solid lines show the benefit achieved by introducing the devices. It is seen that with the devices tuned on the displacement main frequencies (in the three directions), only along the y direction, the devices are effective also on the acceleration. Figure 5 provides the same set of results for TMD devices, which are only active if the motion is along the positive direction. Otherwise, no action is exchanged, making the problem itself strongly nonlinear.
The efficiency of the whole procedure has still to be improved. Indeed, one moves from a fullsize numerical model, built within an efficient software environment, with excellent capability of fast numerical solving of the set of governing relations, to the Matlab environment by transferring the global mass, damping and stiffness matrices, all of rather large size, from one environment to the other. These matrices are then assembled into the matrices representing the mechanical problem in the state variables space. The size of these even larger matrices are then reduced by the adopted model order reduction techniques to hundred or less (actually 145 in the reported case study). But these The authors are currently investigating the possibility of moving back, with the reduced order matrices, from the Matlab environment to the original Marc-Mentat software capabilities.
Actually, the latter software offers the INCLUDE file option. It can points to a DMIG (Direct Matrix) externally created. However, the complete assembled is imported, and there is no computational saving in the solution portion. Of course, the higher efficiency of the solution algorithms schemes operative within Marc-Mentat is preserved. 
Conclusions
In reference [18] a model order reduction approach was proposed. It is able to deal with linear systems incorporating regions of limited extension made by nonlinear material. Successfully applications to the study of mitigation of the vibration propagating after a helicopter land impact by buried walls were also presented.
The model reduction scheme is extended in this paper to include the presence of tuned mass dampers (TMD), even of the nonlinear type.
The timely aspect of this proposal is that there is a ferment in the area of introducing protection solutions more and more sophisticated, often referred to as meta-structures. For them, no standard 
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7th Forum on New Materials -Part E design procedures is available and hence a trial and error design approach has to be pursued. The availability of a numerical model with only 100 equations instead of the original 10000 seems to be particularly fascinating for future implementations.
